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Abstrat
In this letter we disuss a new entanglement measure. It is based on the Hilbert-
Shmidt norm of operators. We give an expliit formula for alulating the entangle-
ment of a large set of states on C
2⊗C2. Furthermore we nd some relations between
the entanglement of relative entropy and the Hilbert-Shmidt entanglement. A rig-
orous denition of partial transposition is given in the appendix.
1 Introdution
Quantum information proessing has reeived a onsiderable interest in the
last years, indued by the possibility of teleporting an unknown quantum
state and building a quantum omputer. Also new questions on the relation of
quantum and lassial physis arise in this ontext. The feature whih makes
quantum omputation more eient than lassial omputation and allows
teleportation is entanglement. Therefore there is also an inreasing interest
in quantifying entanglement [1℄. Our letter onsiders the quantiation by
introduing a new entanglement measure.
For pure states on the tensor produt of two Hilbert spaes a measure is given
by the entanglement of entropy. Let T be the set of states on the tensor
produt of two Hilbert spaes H1 ⊗H2, i.e. the set of all positive trae lass
operators with trae 1. For a pure state σ ∈ T , the entanglement of entropy
E(σ) is given by
E(σ) := −tr (σ1 log2 σ1) = −tr (σ2 log2 σ2) = −
∑
i
|αi|2 log2 |αi|2 (1)
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where σi = tri σ, i = 1, 2, are the partial traes taken in the Hilbert spaes Hi
and αi are the Shmidt oeients of σ (p. [2℄).
Considering mixed states, the situation is more ompliated. Several entangle-
ment measures have been dened in this ase, e.g. the entanglement of reation
[3℄ and the entanglement of distillation [3℄. Here we follow an idea of Vedral
et al. [1℄, based on measuring the distane between states in the quantum
mehanial state spae. The set of disentangled states D is usually onsidered
as the set of all states whih an be written as onvex ombinations of pure
tensor states:
D := {ρ ∈ T | ρ =∑
i
piρ
(1)
i ⊗ ρ(2)i ,
∑
i
pi = 1, ρ
(k)
i ∈ T (Hi), k = 1, 2}.
The general idea of Vedral et al. [1℄ to quantify the amount of entanglement
of a state σ ∈ T \ D is to dene a distane of σ to the set D, so that the
entanglement E of σ is given by
E(σ) = min
ρ∈D
D(σ||ρ). (2)
Here D is any measure of distane between the density matries ρ and σ, not
neessarily a distane in the metrial sense. There are several possibilities to
dene suh a distane. One example is the relative entropy S(σ||ρ), given by
S(σ||ρ) := tr (σ log2 σ − σ log2 ρ),
disussed in [1,4℄. Another example is to take the Bures metri as distane [4℄.
As a measure of distane we disuss in this letter the Hilbert-Shmidt norm.
The Hilbert-Shmidt norm is dened by
‖A‖2HS := tr (A∗A),
for all Hilbert-Shmidt operators on H = H1 ⊗ H2, i.e. for all operators if
dimH < ∞. We therefore dene the Hilbert-Shmidt entanglement (HS en-
tanglement) EHS of a state σ by
EHS(σ) := min
ρ∈D
‖ρ− σ‖2HS.
The hoie of the squared distane instead of ‖ρ − σ‖HS is motivated by the
fat that it is easier in alulations and justied beause they are equivalent
to eah other.
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There are several requirements every measure of entanglement E should satisfy
(see e.g. [1,4℄ for a more detailed disussion):
(1) E(σ) = 0 for all σ ∈ D.
(2) E(σ) = E(U1 ⊗ U2σU∗1 ⊗ U∗2 ) for all unitary operators Ui ∈ Hi, i = 1, 2,
i.e. the measure is invariant under loal unitary operations.
(3) The measure E does not inrease under loal general measurements and
lassial ommuniation, i.e. for every ompletely positive trae-preserving
map Θ : T → T we have E(Θσ) ≤ E(σ).
Of ourse every measure of entanglement dened by eq. (2) trivially fulls the
rst requirement. It an be seen as follows that ondition (2) is satised: With
U = U1 ⊗ U2, we have
E(UσU∗)=min
ρ∈D
‖ρ− UσU∗‖2
=min
ρ∈D
tr (ρ2 − 2ρUσU∗ + Uσ2U∗)
=min
ρ˜∈D
tr (ρ˜2 − 2ρ˜σ + σ2)
=min
ρ∈D
‖ρ− σ‖2 = E(σ),
where we set ρ˜ = U∗ρU ∈ D. To show that the third ondition is fullled we
apply a theorem of Lindblad [5℄.
Theorem 1 Let Φ : B(H)→ B(H) be a positive mapping. Then
‖Φ‖ ≤ 1, tr (ΦA) = tr A, ∀A ∈ T (H)
⇐⇒ f(ΦA) ≤ f(A), ∀f convex, A ∈ T (H).
Now sine σ → E(σ) is a onvex funtion, we onlude that E(Θσ) ≤ E(σ).
2 The HS-entanglement of some speial states
The use of geometri distane in the real vetor spae of selfadjoint matries as
a measure of entanglement gives us the possibility to see the point of minimal
distane in D (here referred to as basepoint) for some important ases easily.
Reall that the distane of an arbitrary point outside a onvex and ompat
set C to this set is the losest distane to any orthogonal projetion of the
point onto the (nontrivial) faes of C (A fae C of a onvex set K is a onvex
subset of K suh that φ = λφ1 + (1− λ)φ2 for φ ∈ C, φ1,2 ∈ K and 0 < λ < 1
imply φ1,2 ∈ C. A fae onsisting of one point is an extremal point of K. The
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trivial faes are the set K itself and the empty set). The rst set of states to
be investigated are, traditionally, the so-alled Bell-states on H = C2 ⊗ C2.
These are expeted to be maximally entangled for reasonable measures of
entanglement. This proves to be true also in this ase.
Let us denote the basis of Bell-vetors orresponding to the natural basis
{|0〉, |1〉} of C2 by ψ1 = 1/
√
2(|0〉|0〉+ |1〉|1〉), ψ2 = 1/
√
2(|0〉|0〉− |1〉|1〉),
ψ3 = 1/
√
2(|0〉|1〉+ |1〉|0〉) and ψ4 = 1/
√
2(|0〉|1〉− |1〉|0〉). Furthermore Ψi
denotes the one-dimensional projetor on the vetor ψi (Bell-state) and Φij =
1/2(Ψi+Ψj) the equally weighted mixture of Ψi and Ψj. For a given Bell-state
Ψi a Werner-state [6℄ is given by Wψi,ǫ = 1/4(1− ǫ)1+ ǫΨi, with ǫ ∈ [0, 1]. We
an now formulate the following proposition, whih gives the entanglement of
the Bell-states and arbitrary mixtures of orthogonal Bell-states:
Proposition 2 For an arbitrary mixture of orthogonal Bell-states
σ = λiΨi +
∑
j 6=i
λjΦij ,
where λi ≥ 0 and ∑λi = 1, the basepoint in D is given by
σ˜ = λiWψi,1/3 +
∑
j 6=i
λjΦij
and we nd:
EHS(σ) = λ
2
i /3.
Before we prove the proposition we give some remarks. Obviously, for a given
index i we have found the entanglement of the Bell-state Ψi and all the states
in the tetrahedron spanned by this Bell-state and the three mixtures Φij . The
omplement of these four tetrahedra in the larger tetrahedron of all mixtures
of the four Bell-states is just the otahedron spanned by the six disentangled
states Φij for i 6= j, whih is therefore a subset of the set D. The fat that the
states Φij are in fat disentangled an be seen easily by either deomposition of
Φij into disentangled projetors or partial transposition. Thus all the mixtures
of the four given Bell-states are overed by the proposition.
Proof of the proposition We prove the fat that the suggested basepoint
σ˜ is orret, by showing that the derivative of the funtion f(ρ) = ||σ − ρ||2
is non-negative at σ˜ in any diretion leading into the onvex set D. Suh a
diretional derivative an be omputed by using a parameterised line
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ρ(s) = (1− s) σ˜ + s ω,
where ω is an arbitrary element of D and alulating the derivative
d
ds
f(ρ(s))|0= lim
s→0
f(ρ(s))− f(σ˜)
s
= lim
s→0
1
s
tr((ρ(s)− σ)2 − (σ˜ − σ)2)
= lim
s→0
1
s
tr(2s(σ − σ˜)(σ˜ − ω) + s2(σ˜ − ω)2)
= tr(2(σ − σ˜)(σ˜ − ω)).
We see that this derivative is an ane funtional of the element ω ∈ D.
Therefore onvex ombinations of elements in D lead to a onvex ombination
of the result. For that reason it sues to show non-negativity of the above
expression only for ω ∈ ∂eD, where ∂e denotes extreme points, in other words
for disentangled projetors.
Inserting the given expressions for σ and σ˜ as well as hoosing ω = Pχ ⊗ Pξ
to be a projetor onto the normalised vetors χ and ξ, we get:
d
ds
f(ρ(s))|0=2λi tr((Ψi −Wψi,1/3)(λiWψi,1/3 +
∑
j 6=i
λjΦij − Pχ ⊗ Pξ))
= 2λi(λi/2 +
∑
j 6=i
λj/2− tr(ΨiPχ ⊗ Pξ)− λi/3−
∑
j 6=i
λj/3
+ λi/6 + tr(ΨiPχ ⊗ Pξ)/3)
= 2λi(1− 2 tr(ΨiPχ ⊗ Pξ))/3
= 2λi(1− 2〈ψi, χ⊗ ξ〉〈χ⊗ ξ, ψi〉)/3
= 2λi(1− 2|〈χ⊗ ξ, ψi〉|2)/3.
Sine any ψi is of the form (|0〉⊗U |0〉+ |1〉⊗U |1〉)/
√
2, where U is a unitary
transformation, we an write:
d
ds
f(ρ(s))|0 =2λi(1− |〈χ|0〉〈U∗ξ|0〉+ 〈χ|1〉〈U∗ξ|1〉|2)/3
= 2λi(1− |χ0(U∗ξ)0 + χ1(U∗ξ)1|2)/3
= 2λi(1− |〈χ¯, U∗ξ〉|2)/3
≥ 0.
The nal step is just an appliation of the Cauhy-Shwartz inequality. ✷
The next lass of states we are going to deal with also inludes the Bell-states
as speial ase, namely the pure states. Unfortunately, the geometry of the
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underlying part of the fae of D proves to be somewhat more omplex. This
leads to the fat that pure states admit an easy-to-onstrut basepoint only
under a ertain ondition, whih is stated in the following proposition:
Proposition 3 Let φ be a vetor in C2 ⊗ C2, written in its Shmidt-basis as
φ = a|0〉 ⊗ |0〉+ b|1〉 ⊗ |1〉 with a and b positive numbers, suh that
a2 ∈ [1
2
−
√
5
6
,
1
2
+
√
5
6
] ; b2 = 1− a2.
The basepoint assoiated to the one-dimensional entangled projetor σ onto
the span of φ is then given by:
σ˜ = σ − ab(4Pψ1 − 1)/3,
where Pψ1 is the Bell-state for ψ1 = |0〉|0〉+ |1〉|1〉. The entanglement of σ is
given by:
EHS(σ) = 4a
2b2/3.
PROOF. The suggested basepoint σ˜ has to be shown to lie in D, rst. A-
ording to the Peres riterion [7℄ it sues to show that σ˜ as well as its partial
transpose are positive. A rigorous denition of partial transposition is given in
the appendix. In this ase σT2 (partial transposition of σ in the seond fator)
has exatly one negative eigenvalue, whih an be seen by writing:
σ = a2P|0〉|0〉 + b
2P|1〉|1〉 + abP
T2
+ − abP T2− ,
where P+ denotes the projetor onto span(|0〉|1〉 + |1〉|0〉) and P− denotes
the projetor onto span(|0〉|1〉 − |1〉|0〉). σ˜ was found by projeting onto the
orresponding plane with eigenvalue zero ({ρ : tr ρ = 1∧ tr(P T2− ρ) = 0}), thus:
σ˜ = (a2 − ab/3)P|0〉|0〉 + (b2 − ab/3)P|1〉|1〉 + 2abP T2+ /3.
σ˜T2 is positive, i a2 − ab/3 > 0 and b2 − ab/3 > 0. This yields the ondition:
a2 ∈ [1/10, 9/10].
The stronger ondition is nevertheless the positivity of σ˜ itself. We nd that
the only possibly negative eigenvalue has to satisfy the following inequality:
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3− 2ab−
√
9a4 − 14a2b2 + 9b4≥ 0 (3)
(3− 2ab)2≥ 9a4 − 14a2b2 + 9b4
12ab≥ 36(a2 − a4)
1≥ 3ab.
This inequality is exatly satised for a2 in the stated interval.
It remains to prove minimality of the distane of the basepoint to the pure
state σ. In the notation of the preeding proof we have to alulate here:
d
ds
f(ρ(s))|0= tr(2(σ − σ˜)(σ˜ − ω))
and show that this expression is non-negative for any disentangled one-dimensional
projetor ω = Pξ ⊗ Pχ.
We nd:
tr(σ − σ˜)σ˜= ab tr((4Pψ1 − 1)(σ˜))/3
= ab(tr(4Pψ1σ˜)− 1)/3
= ab(−4ab + 4 tr(Pψ1σ)− 1)/3
= ab/3
Finally:
d
ds
f(ρ(s))|0=2ab[1− tr((4Pψ1 − 1)Pξ ⊗ Pχ))]/3
= 2ab(2− 4 tr(Pψ1Pξ ⊗ Pχ))/3,
whih is, exept for the leading positive fator, the same expression as in the
preeding proof and thus non-negative.
The expliit quantity of the entanglement is a pure matter of alulation. ✷
For the remaining pure states the alulation of the entanglement is a bit more
ompliated. For this purpose we rst parameterise the parabola that forms
the border of the positive elements in the triangle conv({P|0〉|0〉, P|1〉|1〉, P T2+ })
(see g. 1):
p(s) := s2P|0〉|0〉 + (1− 2s+ s2)P|1〉|1〉 + 2(s− s2)P T2+
It is easy to see that this is a parabola, indeed, and expliit alulation of the
eigenvalues shows that the elements have a zero eigenvalue. The idea is now to
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Fig. 1. Pure states and their projetion: Pure states lie on the marked semiirle and
are projeted onto the triangle spanned by the three partially transposed projetors
in the front. The line formed by the projeted semiirle is a segment of an ellipse
that intersets the parabola marked as limit of positivity at the two ritial Shmidt
oeients. Only the states below this parabola are positive. The projeted states
above the limit of positivity are therefore not admissible.
projet onto this parabola, instead of the whole triangle. Finding the minimal
distane of the given pure state to the parabola orresponds to minimising the
funtion
f(s) = tr(p(s)− Pφ)2 (4)
leading to a third order equation in the parameter s. Even though rather
umbersome, this ase illustrates the problems in nding expliit solutions for
entanglement measures. We state the solution here as a onjeture only, and
will give the proof elsewhere.
Conjeture 4 Let φ be a vetor in C2 ⊗ C2, written in its Shmidt-basis as
φ = a|0〉 ⊗ |0〉+ b|1〉 ⊗ |1〉 with a and b positive numbers, suh that
a2 ∈ [0, 1
2
−
√
5
6
] ∪ [1
2
+
√
5
6
, 1] ; b2 = 1− a2.
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The basepoint assoiated to the one-dimensional entangled projetor σ onto
the span of φ is then given by:
t2P|0〉|0〉 + (1− 2t + t2)P|1〉|1〉 + 2(t− t2)P T2+ , (5)
where t ∈ R is the real solution of the ubi equation
− 1− ab+ b2 + (5− a2 + 2ab− b2)t− 9t2 + 6t3 = 0. (6)
Finally we state a orollary that is independent on the onjeture above:
Corollary 5 The Bell-states, i.e. the projetors assoiated to vetors of the
form U |0〉|0〉 ⊗ V |1〉|1〉, where U and V are unitary operators on the single
partile Hilbert spaes, are maximally entangled w.r.t the HS-entanglement.
PROOF. Every pure state has a HS-entanglement less or equal to the Bell-
states (whih evaluates to 1/3). This is obvious for those states overed be
Prop. 3, as seen by evaluating the expliitly given formula for the entangle-
ment. For those states overed by the onjeture, we nd, even if the exat
value of the entanglement is unknown, the following inequality:
E(Pφ)≤ tr(PφP|0〉|0〉)2
=2− 2 tr(PφP|0〉|0〉)
= 2− 2a2 (7)
≤ 1−
√
5/3 (∗)
≤ 1/3,
where (∗) is valid for those states with a2 ∈ [1/2 +√5/6, 1]. For those states
with a2 ∈ [0, 1/2−√5/6] the same argument using P|1〉|1〉 instead of P|0〉|0〉 is
valid.
We onlude that mixed states have an entanglement that is less or equal to its
most entangled spetral projetor (deomposed to dimension one), beause the
HS-entanglement is a onvex funtion and spetral deomposition of operators
in T is a onvex ombination. ✷
Remark 6 Obviously not only the pure states, but also the mixture of eah
of these and their assoiated basepoint are analysed by our method. Convex
ombinations of a given state and its basepoint share, of ourse, the same
basepoint. Also, it is easy to see that their entanglement is given by
EHS(λσ + (1− λ)σ˜) = λ2EHS(σ). (8)
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3 The use of HS-entanglement
The most obvious use of the HS-entanglement is its easy form, whih makes
an expliit alulation possible by merely knowing the geometri struture of
the set of disentangled states. On the other hand it also has the more pratial
property of yielding useful estimates for other measures of entanglement. As
an example we give an inequality onneting the HS-entanglement to the very
useful measure based on the relative entropy (referred to as EvN here).
Proposition 7 For any entangled state σ ∈ T the following inequality holds:
EvN(σ) ≥ 1
2 log2 2
EHS(σ)
PROOF. We denote the basepoints of σ in D w.r.t. the relative entropy by
σˆ and w.r.t. the distane by σ˜. We get:
EvN(σ) =S(σ||σˆ)
≥ 1
2 log2 2
||σ − σˆ||2
≥ 1
2 log2 2
||σ − σ˜||2
=
1
2 log2 2
EHS(σ),
where we used a well-known estimate for the relative entropy (f. [8, Prop.1.1℄),
adjusted to the use of log2 instead of ln. ✷
Remark 8 For pure states on the tensor produt of two Hilbert spaes the
entanglement of relative entropy is given by
EvN(σ) = −a2 log2 a2 − b2 log2 b2 = −a2 log2 a2 − (1− a2) log2(1− a2)
where a and b are the Shmidt oeients of ψ, σ = |ψ〉〈ψ| (see Eq. (1)).
The Hilbert-Shmidt entanglement gives the same order as this entanglement
measure on pure states on C2 ⊗ C2, i.e.
EvN(σ) ≤ EvN(ρ) ⇐⇒ EHS(σ) ≤ EHS(ρ) (9)
for pure states ρ and σ. E.g. we have shown in Prop. 3, that
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EHS(σ) = 4a
2b2/3 = 4a2(1− a2)/3.
Considering EvN and EHS as funtions of a, both funtions attain their maxi-
mum at 1/
√
2 and are stritly inreasing resp. dereasing for a < 1/
√
2 resp.
a > 1/
√
2, therefore give the same order for pure states on C2 ⊗ C2.
A Partial Transposition
In a matrix-algebraMC(n) the onept of transposition is intuitively dened
by the mapping
T :


a11 · · · a1n
.
.
.
.
.
.
.
.
.
an1 · · · ann


7→


a11 · · · an1
.
.
.
.
.
.
.
.
.
a1n · · · ann


.
Nevertheless the onept seems to be far from natural, if the algebra is not
given as a nite dimensional matrix-algebra, but as the operator algebra B(H)
over an abstrat Hilbert spae H. Even if the Hilbert spae is nite dimen-
sional, the mapping above is only dened, if a basis is hosen, and is depending
on that hoie. It is a well known fat that only the onept of the adjoint
operator is given by the algebrai properties of a omplex spae. Transposition
is a onept onneted to real vetor spaes.
A rigorous denition of transposition in the omplex ase is possible if a further
struture is given to the omplex Hilbert spae H. Basially this struture an
be thought of as a split into a real and an imaginary part.
Denition 9 Given a real Hilbert spae R and a real linear isomorphism K :
R⊕R → H, suh that [x, y]+i[Ix, y] = 〈K(x), K(y)〉 ∀x, y, where [., .] is the
salar produt on R⊕R, I : R⊕R → R⊕R, (xr, xi) 7→ (−xi, xr) the anonial
omplexiation and 〈., .〉 the salar produt on H. The transposition in
B(H) with respet to K is then dened by the following equation:
K∗(AT ) := (K∗A)T
Obviously any hoie of a basis in H denes a split into real and imaginary
part. The denition of the transposed matrix above agrees with the new one for
H = Cn. Any transposition is a omplex linear, involutive, positive mapping
B(H) → B(H). The omposition of two transpositions T and T˜ an always
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be written in the form T ◦ T˜ (A) = UAU∗, where U is unitary. Thus the
omposition is ompletely positive.
Denition 10 Given a transposition T on B(H2), the partial transposi-
tion (in the seond fator) T2 on B(H1)⊗ B(H2) is dened by:
T2 := Id⊗ T
Exept for the trivial ase that H1 is one-dimensional the partial transposi-
tion is never a positive mapping. Nevertheless the omposition of two partial
transpositions is always positive due to the omplete positivity of the ompo-
sition of two transpositions. This has the important onsequene that the set
of partially transposed positive operators on a produt algebra is independent
of the hoie of transposition (p. [7℄).
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